Spontaneous symmetry breaking and optimization of functional renormalization group 
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The need for the absence of spontaneous symmetry breaking in d = 1 dimension has been used to 
optimize the regulator-dependence of functional renormalization group equations in the framework of 
the sine-Gordon scalar field theory. Known results on the power-law regulator have been recovered. 
The renormalization group equations with compactly supported smooth (CSS) regulator have been 
optimized which has importance since all major type of regulators are recovered by the CSS one in 
appropriate limits. Optimization of this kind represents a complementary approach to the previously 
used optimization scenarios and can be used to study the convergence of the derivative expansion. 
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I. INTRODUCTION 

Spontaneous symmetry breaking plays an important 
role in high energy physics or more general in quantum 
field theory, as an example one has to mention the mass 
generation by the Higgs mechanism. However, in (0-1-1) 
dimension as a consequence of the equivalence between 
quantum field theory and quantum mechanics a symme- 
try cannot be broken spontaneously due to the tunnel- 
ing effect [l|, 0]. Thus, for one-dimensional quantum 
field theoric models the (spontaneously) broken phase 
should vanish if their phase structure have been deter- 
mined without using approximations. 

Renormalization has relevance in quantum field the- 
ory, too since this procedure is required to obtain mea- 
surable physical quantities. It can be performed non- 
perturbative by means of the functional renormalization 
group (RG) method which was applied successfully 
in many cases, let us mention Quantum Einstein Gravity 
as a recent example. The functional RG equation for 
scalar fields H 



kdkTk[f] = -Tr 



ikdkRk)/{r'i\ip]+Rk)\ (1) 



is derived for the blocked effective action Tk which inter- 
polates between the bare F^-^a S and the full quan- 
tum effective action rj;_^o ^ T where k is the running 
momentum scale. The second functional derivative of 

(2) 

the blocked action is represented by T^ and the trace 
Tr stands for the momentum integration. Rk is the reg- 
ulator function where Rk{p -4 0) > 0, Rk^o{p) = and 
Rk^\{p) = oo. In order to solve the RG equation ^ 
one of the commonly used systematic approximation is 
the truncated derivative (i.e. gradient) expansion where 
Tk is expanded in powers of the derivative of the field. 



= / d'a 



(2) 



Further approximations such as the Taylor or Fourier 
expansion of Vk{ip), or Zk{if), are usually also applied. 
However, the usage of approximations generates two 



problems, (i) for d — 1 dimension the spontaneously bro- 
ken phase does not vanish in the approximated RG flow, 
(ii) physical results obtained by the approximated RG 
flow become regulator-dependent (i.e. renormalization 
scheme-dependent). Therefore, it has great importance 
to consider how the approximations used influence the 
phase structure of one-dimensional models and the com- 
parison of results obtained by various RG schemes (i.e. 
various types of regulator functions) j8l-[l7| is also a gen- 
eral issue. 

In order to optimize the scheme dependence, a general 
procedure has already been worked out [1, [l^j based on 
the convergence of the truncated flow which is expanded 
in powers of the fleld variable. Its advantage is that in 
the leading order of the gradient expansion, i.e. in the 
local potential approximation (LPA) , it is possible to find 
the optimal choice for the parameters of all the regulator 
functions and furthermore the Litim's optimized regu- 
lator was constructed which is expected to provides us 
findings closest to "best known" results in LPA, for ex- 
ample critical exponents of the 0{N) scalar theory in 
d = 3 dimensions [1, [l^ [l^, [l^ ■ Its disadvantage is that 
the Litim's regulator confronts to the derivative expan- 
sion since it is not a differentiable function. Although 
this optimization scenario is generalised to higher order 
of the derivative expansion but no explicit regulator is 
given which fulfils the requirements and has derivatives 
of all orders. Another scenario for optimization through 
the principle of minimal sensitivity were also considered 
[isj . Its advantage is that it can be applied at any order 
of the derivative expansions for any dimensions. Its dis- 
advantage is that one cannot compare regulator functions 
to each other, i.e. it is possible to find the optimal choice 
for the parameters of a regulator but it is not possible to 
determine the best regulator function through the prin- 
ciple of minimal sensitivity. Optimization of RG equa- 
tions based on bosonization has also been discussed [l3| 
which can be used to compare regulators to each other 
directly but its disadvantage is that existence of bosoniza- 
tion rules are required, so it works for two-dimensional 
models and mostly in LPA. 

Our goal in this work is to open a new platform to op- 
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timize RG equations which represents a complementary 
approach to the previously used optimization scenarios. 
In this new strategy, the requirement of the absence of the 
broken phase in case of the non-approximated RG flow in 
d — 1 dimension is used to optimize the RG scheme de- 
pendence of the approximated one. Its advantage is that 
regulators can be compared to each other at any order 
of the derivative expansion but its disadvantage is that 
can be performed for d = 1 dimension. The new type 
of optimzation is investigated for the sine-Gordon (SG) 
model [19] but it is argued that can be performed to other 
type of one-dimensional models including the 0(N) scalar 
theory. First we test the optimization for the power-law 
regulator [53 and then we optimize the RG flow obtained 
by the so-called compactly supported smooth (CSS) reg- 
ulator function introduced recently p7j . Let us note that 
a similar compactly supported smooth function has been 
used in nuclear physics |2(| and the connection to the 
CSS regulator was shown Finally, we argue that 

the method proposed here can also be used to study the 
convergence of the derivative expansion. 



II. REGULATOR FUNCTIONS 

Regulator functions has already been discussed in the 
literature by introducing its dimensionless form 



(3) 



where r{y) is dimensionless. For example, one of the most 
commonly used regulator is the power-law type one Q 



(4) 



where 6 is a free parameter and c = 1 is a typical choice. 
Another example, the CSS regulator flT] is defined as 



gen/ N ^ exp[cj/g/(/ - %^)] - 1 
exp[cz/V(/ - - 1 



eU - hy"), (5) 



with the Heaviside step function 0{y). Let us note, the 
number of free parameters in ([S|) can be reduced by set- 
ting / = 1 without loss of generality. 



3dif 



(y) 



exp[c^g/(l - %g)] - 1 
exp[cyV(l - hyb)] - 1 



0{l - hy'). (6) 



Both forms of the CSS regulator have the property to re- 
cover all major types of regulators: the Litim's optimized 
([7]), the power-law ([5]) and the exponential (O ones. 



c— >0 c— >0,/i=l 



modif 
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lim 1 



, , ,-1^(1 -2;), (7) 
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modif 



exp[2/o] - 1 



h^o,c=f h-^o,c~ii exp[?/^] — 1 

In order to identify ^ with ([S]) one has to use c = j/q 



(9) 



III. SG MODEL FOR DIMENSIONS 1 < d < 2 

In order to perform the RG study of the SG model [2lj 
beyond LPA it is convenient to introduce a dimensionless 
variable cp = k^'^~'^^/'^(p then the effective action reads 



Ffe = / d'^x 



Uk cos(i^) 



(10) 



where stands for the field-independent wave-function 
renormalization which has a dimension of k -2 [l|. Al- 
though RG transformations generate higher harmonics, 
we use the ansatz pI7|) which contains a single Fourier 
mode since in case of the SG model it was found to be an 
appropriate approximation il9l] . The RG flow equations 
for the couplings of (jlOp can be derived from ([T|) 




"ukfpjdp^p + lp^d^^.p) 

[p2 _ (p-<iy^)2]5/2 



,(11) 



Ufc)V(9p2P)2(4P^ + (fc2-dufc)2) 
d[P2 _ (fc2-dy^)2]7/2 



(12) 



where P — Zkk"^ "^p^ + Rk and the momentum integral 
— J dpp'^~^nd/{27T)'^ is usually performed numeri- 
cally with the d-dimensional solid angle fid- The RG 
study of SG type models [H, [2l|, [2^ does not require 
field-dependent wave-function renormalization. We use 
normalized dimensionless parameters Zk = (87r)zfe and 
Uk = Ukk'^ /k where Zk = k'^~'^Zk and Uk — k^'^Uk are the 
conventional dimensionless couplings and k = minp2 P. 

In c? = 2 dimensions the SG model undergoes a topo- 
logical phase transition [21j where the critical value which 
separates the phases of the model, l/z^, = 1, was found 
to be independent of the choice of the regulator func- 
tion [3]. For d = 1 dimension, based on the approxi- 
mated RG flow, a saddle point u*, 1/z^, appears in the 
RG flow [l^, see for example the results Fig. [1] obtained 
by the power-law regulator thus the SG model has 
two phases. In fractal dimensions, 1 < d < 2 the non- 
trivial saddle point appears in the RG flow, too. How- 
ever, there is an important difference compared to the 
one-dimensional case, namely the (spontaneously) bro- 
ken phase should vanish for d = 1 dimension which can 
be realized if the saddle point and the non-trivial IR fixed 
point (1/^iR = 0, Mir, = 1) coincide. Thus, the distance 
between the non-trivial IR fixed point and the saddle 
point 



D = Vium - + (1/ziR - i/z,y 

- V(i - u.r + i/^"j 



(13) 



can be used to optimize the scheme-dependence of RG 
equations, i.e. the better the RG scheme the smaller 
the distance D is. The other attractive IR fixed point 
(wfc-jo = 0, 1/zfc^n = oo) corresponds to the symmetric 
phase [13, 111- 
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FIG. 1: Phase diagram of the SG model for d — 1 dimensions 
obtained by the numerical solution of Eas. (|ll|l . (ll2|) using the 
power-law regulator (j4| with 6 = 3, c = 1. Arrows indicate 
the direction of the flow. 



IV. OPTIMIZATION OF THE POWER-LAW 
REGULATOR 

Let us consider first the optimization of RG equations 
using the power-law type regulator (j4|) in the framework 
of the SG model. According to the numerical solution 
of Eqs. ([TT|) and the saddle point appears in the 
RG flow for dimensions 1 < d < 2 and its positions 
are plotted in Fig. [2] for various values of the parame- 
ter b. For d ~ 2 dimensions the curves coincide since 
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FIG. 2: Positions of the saddle point of the SG model for 
dimensions 1 < d < 2 obtained by the power-law regulator Q 
with c — 1. The inset shows the dependence of the distance 
D defined by Eq. (|13p on the parameter b for dimension d = 1. 



the fixed point at which the two-dimensional SG model 
undergoes a topological phase transition is at -u^ = 0, 
1/Zi, = 1 scheme- independently. For fractal dimensions 
and also for d = 1 the position of the saddle point be- 
comes scheme-dependent, i.e. it depends on the param- 
eter b of the regulator function (U). Since the (sponta- 



neously) broken phase should vanish for d = 1 dimen- 
sion, the distance Eg. dT^ between the saddle point and 
the non-trivial IR fixed point (1/^ir, = 0, uir = 1) can 
be used to optimize the RG equation. The inset shows 
the dependence of the distance D p3)) on the parameter 
6 and indicates that 6 = 2 is the optimal choice. It recov- 
ers known results obtained by optimization [T3| based 
on the optimal convergence of the flow which validates 
the strategy proposed here. 



V. OPTIMIZATION OF THE CSS REGULATOR 

Let us perform the optimization of the generalized CSS 
regulator ([5|) in the framework of the one-dimensional SG 
model using the optimization scenario based on the min- 
imization of the distance D defined by Eq. (fT3)) . We note 
it is not our goal to give a complete set of all the opti- 
mized parameters of the CSS regulator. Our goal is (i) to 
check some of the properties of the CSS regulator such as 
its limiting behavior ([8|) when the CSS regulator recovers 
the power-law one, (ii) to find an optimal choice for some 
parameters in the five-dimensional parameter space, (iii) 
to compare the power-law and the CSS regulators. 

In Fig. [3] one finds the phase diagram of the SG model 
mapped out by the CSS regulator for a set of parameters 
given in the figure title. Let us first discuss the choice for 
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FIG. 3: Phase diagram of the SG model for d = 1 dimension 
obtained by the CSS regulator ©. The lower and upper 
insets show the dependence of D on the parameters / and yo, 
respectively. Horisontal dashed line in the lower inset stands 
for the result obtained by the power-law regulator Q with 
6 = 2 and c = 1. 



the parameter c. If one set j/q = 0.5, b — 1, f ^ h ^ 1 
then in the limit c 0, the CSS reduces to the so called 
optimized or Litim's regulator This regulator pro- 
duces us critical exponents of the 0{N) model closest to 
the best known ones for dimension d = 3 in the leading 
order of the gradient expansion Q. Thus, in this work 
(beyond the leading order of the gradient expansion) c 
was chosen close to zero. Since below c = 0.1 we do not 
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observed changes in the results (to the numerical accu- 
racy used), c = 0.1 was fixed. The upper inset in Fig. [3] 
shows the dependence of D on the parameter j/o which in- 
dicates an optimal choice yo w 0.3. In this case, one finds 
D « 0.153 for the CSS regulator which is smaller than 
the one {D w 0.531) obtained by the power-law regulator 
with b = 2. However, if one set yo = 1, b = 2, h = 1 (and 
c = 0.1) in the limit / — oo the distance D obtained by 
the CSS regulator tends to that of given by the power-law 
one, see the lower inset in Fig. [31 These findings demon- 
strate that the CSS regulator recovers the power-law one 
if / — >■ oo, however, for / < oo the CSS regulator is the 
better choice since it produces us a smaller D. 

VI. SUMMARY 

A new optimization procedure for functional RG 
method has been discussed which is based on the need for 
the absence of spontaneous symmetry breaking in = 1 
dimension. The requirement of the absence of the broken 



phase in case of the non-approximated RG flow is used 
to optimize the RG scheme dependence of the approxi- 
mated one. It was shown in the framework of the one- 
dimensional SG field theory that the distance between 
the saddle point and the non-trivial IR fixed point can 
be used to optimize RG equations, i.e. the better the 
RG scheme is the closer the fixed points are. Since the 
non-trivial IR fixed point is an inherent property of func- 
tional RG equations, there is no need for other methods 
and it can be generalized to other models. In order to 
validate the new optimization scenario, known results on 
the power-law regulator have been recovered. Then, RG 
equations with CSS regulator have been optimized which 
has importance since the CSS regulator recovers all ma- 
jor type of regulators in appropriate limits, thus, its opti- 
mization can produces us the best choice among the class 
of regulator functions. Optimization of this kind can also 
be used to study the convergence of the derivative ex- 
pansion, i.e. incorporating more terms in the derivative 
expansion the fixed points should get closer to each other. 
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